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RESTRICTIONS OF HOLDER CONTINUOUS FUNCTIONS 


OMER ANGEL, RICHArD BALKA, ANDRAS MATHE, AND YUVAL PERES 


Abstract. For 0 < a < 1 let V{ol) denote the supremum of the numbers v 
such that every a-Holder continuous function is of bounded variation on a set 
of Hausdorff dimension v. Kahane and Katznelson (2009) proved the estimate 
1/2 < V^(q:) < 1/(2 —a) and asked whether the upper bound is sharp. We show 
that in fact V(o!) = max{l/2,Q:}. Let dimT^ and dim_A 4 denote the Hausdorff 
and upper Minkowski dimension, respectively. The upper bound on V(ol) is 
a consequence of the following theorem. Let {B(t) : t G [0,1]} be a fractional 
Brownian motion of Hurst index a. Then, almost surely, there exists no set 
Ac [0,1] such that dimjviA > max{l — q:,q;} and B: A ^ M is of bounded 
variation. Furthermore, almost surely, there exists no set A C [0,1] such that 
dim^A >1 — 0 ; and B: A ^ M is /3-Holder continuous for some ^ > a. The 
zero set and the set of record times of B witness that the above theorems 
give the optimal dimensions. We also prove similar restriction theorems for 
deterministic self-affine functions and generic o-Holder continuous functions. 

Finally, let {B(t) : f G [0,1]} be a two-dimensional Brownian motion. 
We prove that, almost surely, there is a compact set D C [0,1] such that 
dimji D > 1/3 and B: Z) is non-decreasing in each coordinate. It 

remains open whether 1/3 is best possible. 


1. Introduction 

Let C°‘ = (^“[0,1] denote the set of a-Holder continuous functions /: [0,1] — )■ M. 
In 2009, Kahane and Katznelson [11] proved the following result and asked whether 
it is sharp. 

Theorem (Kahane-Katznelson). For every 0 < a < 1 there exists a function 
ga G C°‘ such that if A C [0,1] and ga\A is of bounded variation, then the Hausdorff 
dimension satisfies dim^^ A < 1/(2 — a). 

Question (Kahane-Katznelson). Is the above result the best possible? 

We answer this question negatively and determine the optimal bound. Let 
V{a) = inf sup {dim^ A : /[^ is of bounded variation}, 

AC[0,1] 

so that the above theorem states V{a) < 1/(2 — a), see Figure 1. 

Theorem 1.1. For all 0 < a < 1 we have 

V (a) = max {1/2, a} . 
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Figure 1. The Kahane-Katznelson bound V{a) < 1/(2 —a) com¬ 
pared to the actual value V(a) = max{l/2, a}. 



Figure 2. A self-affine function fa'. [0,1] —)■ [0,1] with Holder 
exponent a = log 2/log 6. Its graph consists of 6 affine copies of 
itself. 

Kahane and Katznelson also asked about dimensions of sets A such that the 
restriction to A is Holder continuous. (See the next section for related results.) 
We present two constructions, one deterministic and one stochastic, of functions 
that are not Holder on any set of high enough dimension. First we consider self- 
affine functions. These are constructed in Definition 3.1 below, see Figure 2 for 
illustration. 

Theorem 1.2. There is a dense set A C (0,1) with the following property. For 
each a G A there is a self-affine function fa G (7“ such that for all A C [0,1] 

(1) if fa\A is P-Holder continuous for some j5 > a, then dim^A < 1 — a; 

(2) if fa\A is of bounded variation, then dim^viA < max{l — a, a}. 

For a stochastically self-affine process, fractional Brownian motion (see Defini¬ 
tion 3.2), we prove the following. 

Theorem 1.3. Let 0 < a < 1 and let {B{t) : t € [0,1]} be a fractional Brownian 
motion of Hurst index a. Then, almost surely, for all A C [0,1] 

(1) if B\A is P-Holder continuous for some j3 > a, then dim^A <1 — 0 ; 

(2) if B\a is of bounded variation, then dim^viA < max{l — a, a}. 
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Corollary 1.4. Let 0 < a < 1 and let {B{t) : t G [0,1]} be a fractional Brownian 
motion of Hurst index a. Then 

P(3^ : dim^^ > max{l — a,a] and B\a is non-decreasing) = 0. 

Let Z be the zero set of B and let TZ = {t G [0,1] : B{t) = max^gjo^tj i?(s)} be 
the set of record times of B. It is classical that, almost surely, dim>^ Z = 1 — a, see 
[10, Chapter 18]. For the record, let us state the following, more subtle fact. 

Proposition 1.5. Almost surely, dim^ TZ = dim^T^ = a. 

We could not find a reference for this in the literature, and include a proof in 
Section 6. Clearly Z and TZ witness that Theorem 1.3 and Corollary 1.4 are best 
possible. 

Simon [20] proved that a standard linear Brownian motion is not monotone 
on any set of positive Lebesgue measure. Theorem 1.3 for a = 1/2 with Hausdorff 
dimension in place of upper Minkowski dimension is due to Balka and Peres [4]. The 
methods used there do not extend to Minkowski dimension or to general exponents 
a. Related results in the discrete setting, concerning non-decreasing subsequences 
of random walks, can be found in [2]. 

Now we consider higher dimensional Brownian motion. 

Definition 1.6. Let d>2 and /: [0,1] —)■ We say that / is non-decreasing on 

a set A C [0,1] if all the coordinate functions of /j^ are non-decreasing. 

Theorem 1.7. Let {B(f) : t € [0,1]} be a standard two-dimensional Brownian 
motion. Then, almost surely, there exists a compact set D C [0,1] such that B is 
non-decreasing on D and dim^^ D > 1/3. 

Corollary 1.4 (or [4, Theorem 1.2]) implies that, almost surely, the d-dimensional 
Brownian motion B cannot be non-decreasing on any set of Hausdorff dimension 
larger than 1/2. The following problem remains open in all dimensions d> 2. 

Question 1.8. Let d> 2 and let {B{t): 0 < t < 1} be a standard d-dimensional 
Brownian motion. What is the supremum of the numbers 7 such that, almost .surely, 
B is non-decreasing on some set of Hausdorff dimension 7 ? 

Finally, we prove restriction theorems for a generic a-H61der continuous function 
(in the sense of Baire category), see the following section for the details. 

2. Related work and general statements 

Let (^[0,1] denote the set of continuous functions /: [0,1] —>• K endowed with 
the maximum norm. Elekes [6, Theorems 1.4, 1.5] proved the following restriction 
theorem. 

Theorem 2.1 (Elekes). Assume that 0 < /3 < 1. For a generic continuous function 
f G Cp, 1] (in the sense of Baire category) for all A C [0,1] 

(1) if f\A is fd-Holder continuous, then dim^ A <1 — ft; 

(2) if f\A is of bounded variation, then dim^^ A < 1/2. 

Kahane and Katznelson [11, Theorems 2.1, 3.1], and independently Mathe [16, 
Theorems 1.4, 1.5] proved that the above result is sharp. 

Theorem 2.2 (Kahane-Katznelson, Mathe). Let 0 < /3 < 1. For every f G C[0, 1] 
there are compact sets A,C C [0,1] such that 
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(1) dim>i A=\ — P and /|a is P-Holder continuous; 

(2) dim^ C = 1/2 and f\c is of bounded variation. 

In other words there is always a set A with the given properties and dimension, 
and for generic functions there is no A of larger dimension. Let us recall that the 
P-variation of a function /: A —>■ M is defined as 

V^{f) = sup \f{xi) - fixi-i)f : xq < ■ ■ ■ < Xn, Xi€ A, n e N+l . 

In the theorems above, bounded variation can be generalized to finite /3-variation for 
all /? > 0 by similar methods. For the following result see Mathe [16, Theorem 5.2]. 

Theorem 2.3 (Mathe). Let P > 0 and f € Cp, 1]. Then there is a compaet set 
A C [0,1] such that dim^^ A = P/{P + 1) and f\A has finite P-variation. 

Our initial interest came from questions of Kahane and Katznelson [11] on re¬ 
strictions of Holder continuous functions. First we need the following definition. 

Definition 2.4. Let C‘^{A) be the set of a-H61der continuous functions /: H —> M. 
For all 0 < a < 1 and P > 0 define 

H{a,P)= inf sup {dim-u A : f\A € (A)} , 

/eC“[o,i] Ac[o,i] 

V{a,P)= inf sup {dim« H < oo} . 

/eC“[o,i] Ac[o,i] 

Replacing Hausdorff dimension by upper Minkowski dimension yields 

H{a,P)= inf sup {diuiMA : f\A & (A)} , 

/eC“[o,i] Ac[o,i] 

V{a,P)= inf sup {dimA 4 ^ : H^(/|a) < oo} . 

/eC“[o,i] Ac[o,i] 

Remark 2.5. As the Hausdorff dimension is smaller than or equal to the upper 
Minkowski dimension, H{a,P) < H{a,P) and V{a,P) <V{a,P). If /3 > 1/a then 
l/^(/) < oo for all / G C“[0,1], so V{a,P) = V{a,P) = 1. 

For the following theorem see [11, Theorems 5.1, 5.2]. 

Theorem 2.6 (Kahane-Katznelson). For all 0 < a < P < 1 we have 

H{a,P) < - — and H(a, 1) < -. 

1 — a 2 — a 

Question 2.7 (Kahane-Katznelson). Are the above bounds optimal? 

We answer this question negatively and find the sharp bounds, which generalizes 
Theorem 1.1. 

Theorem 2.8. For all 0 < a < 1 we have 

F[{a, P) = H[a, P) = \ — P for all a < P < 1, 

V{a,P) = V{a,P) = max {a/3,/?/(/3 -I- 1)} for all 0 < P < 1/a. 

In Section 4 we prove restriction theorems for functions which satisfy certain 
scaled local time estimates. This allows us to prove the following more general 
version of Theorems 1.2 and 1.3, see Sections 5 and 6 , respectively. 



RESTRICTIONS OF HOLDER CONTINUOUS FUNCTIONS 


5 


Theorem 2.9. There is a dense set A C (0,1) with the following property. For 
each a € A there is a self-affine function /„ € (^“[0,1] such that for all A C [0,1] 

(V if fa\A € C^{A) for some (3 > a, then dimj^A < 1 — a; 

(2) tfVP{f^\ ^) < oo for some ft > 0, then dm\j^A < max{l — a, a/3}. 

Theorem 2.10. Let 0 < a < 1 and let {B{t) : t € [0,1]} be a fractional Brownian 
motion of Hurst index a. Then, almost surely, for all A C [0,1] 

(1) if B\a € C^{A) for some ft > a, then dim_AHvl < 1 — a; 

(2) if {B\a) < oo for some ft > 0, then dim»A < max{l — a, aft}. 

The zero set of B and the following result (see [4, Theorem 4.3]) with Lemma 6.7 
witness that Theorem 2.10 (2) is sharp for all ft < l/o. 

Theorem 2.11. Let 0 < a < 1 and 0 < ft < 1/a be fixed. Then there is a compact 
set A C [0,1] (which depends only on a and ft) such that dim^^ ^ = aft and if 
f: [0,1] —)■ M is o function and c G M’*' such that for all x,y G [0,1] we have 

\f{x) - f{y)\ < c\x - j/l“ log(l/la: - j/]), 
then f\A has finite ft-variation. 

In Section 5 we prove Theorem 2.8 by using Theorem 2.9 to obtain the sharp 
upper bounds for H{a,j3) and V(a,ft). Theorem 2.10 may be used there instead of 
Theorem 2.9. Finally, Theorems 2.2, 2.3 and 2.11 provide the optimal lower bounds 
for H{a,ft) and V{a,ft). 

In Section 7 we consider higher dimensional Brownian motion and prove The¬ 
orem 1.7. In order to do so, we establish a general limit theorem for random 
sequences with i.i.d. increments, which is of independent interest. 

Finally, in Section 8 we study generic a-H61der continuous functions in the sense 
of Baire category. 

Definition 2.12. For 0 < a < 1 let Cf [0,1] be the set of functions /: [0,1] —)■ M 
such that for all x,y G [0,1] we have 

\f{x)- f{y)\ < \x-vr. 

Let us endow Cf[0,1] with the maximum metric, then it is a complete metric space 
and hence we can use Baire category arguments. 

We show that a generic / € Cf [0,1] witnesses H{a,ft) = I — (3 and V{a,ft) = 
maxja/?,/?/(/3 -|- 1)} for all ft simultaneously. 

Theorem 2.13. Let 0 < o < 1. For a generic f G Cf [0,1] for all A C [0,1] 

(t) if f\A G C^{A) for some a < ft <1, then dim^ A<1 — j3; 

(2) ifVi^{f\A) < oo for some ft > d, then dim^ A < max{a/3,/3/(ft -h 1)}. 

3. Preliminaries 

Let A C [0,1] be non-empty and a > 0. A function f: A -G M is called 
(uniformly) a-Holder continuous if there exists a constant c G (0, oo) such that 
l/(x) — f{y)\ < c\x — yl“ for all x,y G A. For the definitions of C[d, 1], C'“[0,1], 
and Cf [0,1] see Section 2. The diameter of A is denoted by diam A. For all s > 0 
the s-Hausdorff content of A is 

OO OO ^ 

y^(diamAi)^ : A C |J I . 

i=l i=l J 


H^(A)=inf 
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The Hausdorff dimension of A is defined as 

dim^ A = inf{s > 0 : 'H’^{A) = 0}. 

Let |J^| denote the cardinality of the set F. Let M > 2 be an integer. For all n G N 
and Ac [0,1] define 

V„{M) = {[pM-", {p + : p G {0,..., M" - 1 }} , 

( 3 . 1 ) V^{A,M) = {lGV^{M):lnA^(d}, 

Nn{A,M) = \D„{A,M)\. 


The upper Minkowski dimension of A is defined as 

'^mA = lim sup , 

n^oo n log M 

It is easy to show that this definition is independent of the choice of M and we 
have dim>i A < dmrj^^A for all A C [0,1]. For more on these concepts see [ 8 ]. 


Definition 3.1. A compact set AT C is called self-affine if for some M > 2 
there are injective and contractive affine maps Fi,..., Fm : —)■ such that 


M 

K=\J 

2 = 1 


A continuous function / G Cp, 1] is self-affine if graph(/) C is a self-affine set. 


Definition 3.2. Let 0 < a < 1. The process {B{t) : t > 0} is called a fractional 
Brownian motion of Hurst index a if 

• B is a Gaussian process with stationary increments; 

• B(0) = 0 and t~‘^B{t) has standard normal distribution for every t > 0; 

• almost surely, the function t i-A- B{f) is continuous. 

The covariance function of B is E{B{t)B{s)) = (f/2)(|tp“ -b |sp“ — 1^ — sp"). 
It is well known that almost surely B is y-Holder continuous for all 7 < a, see 
Lemma 6.7 below. For more information see [I, Chapter 8 ] and [10, Chapter 18]. 

Let A be a complete metric space. A set is somewhere dense if it is dense in a 
non-empty open set, otherwise it is nowhere dense. We say that A C A is meager 
if it is a countable union of nowhere dense sets, and a set is called co-meager if 
its complement is meager. By Baire’s category theorem a set is co-meager iff it 
contains a dense Gs set. We say that the generic element x G X has property V if 
{a; G A : X has property V} is co-meager. 

Let (A[0, l],d'H) be the set of non-empty compact subsets of [0,1] endowed with 
the Hausdorff metric, that is, for each Ai, A 2 G A[0,1] we have 


dH{Ki,K 2 ) = min{r : Ki C B{K 2 , r) and K 2 C B{Ki,r )}, 


where B{A,r) = {x G K : 3?/ G A such that \x — y\ < r}. Then (A[0,1],^//) is a 
compact metric space, see [ 12 ] for more on this concept. 

Let supp(/r) stand for the support of the measure p. For x G M let [xj and [x] 
denote the lower and upper integer part of x, respectively. 
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4. Functions satisfying a scaled local time estimate 


In this section we prove restriction theorems for functions satisfying a scaled 
local time estimate. First we need some notation. 


Definition 4.1. Let a € [0,1] and an integer M > 2 be fixed. Let n € N and 
0 < p < M" — 1. A time interval of order n is of the form 

/„,p = bM-”,(p+l)M-"). 

Let g € Z. A value interval of order n is of the form 

J„,, = [gM-“”,(g+l)M-“”). 

For all 0 < TO < n define 

= {/ G : I C 

where VniM) is the set of time intervals of order n. Clearly, |2ri,m,p| = M"”™. 

Definition 4.2. For a function /: [0,1] —)■ K the scaled local time An^m,p,q{f) is 
the number of order n intervals in Xn^m.p in which / takes at least one value in Jn,q'- 

An,m,p,q{f) ~ G i^n,m,p • G /, f is^) G Ai^g}] . 

It is easy to see that if / is a-Hdlder continuous then for every n, to, p, for some 
q we have An^m,p,q{f) > since the function cannot visit too many 

different value intervals in any given time interval. Finally, for each n € N“'" define 

An{a,M) = {/ : An,m,p,q{f) < for all to < n, p < M”, q G Z}. 

Thus the set A„(a, M) includes a-H61der functions with scaled local times which 
are not much larger than the minimal values possible given their continuity. We 
shall see below that the self-affine functions we define, as well as fractional Brownian 
motion belong (almost surely) to this class. 

The main goal of this section is to prove Theorems 4.3 and 4.4. 


4.1. Holder restrictions. For the notation Anict,M) and Nn{A,M) see Defini¬ 
tion 4.2 and (3.1), respectively. 


Theorem 4.3. Let M >2 he an integer and let a G [0,1]. Let f: [0,1] —)■ K be a 
function such that f G A„(a,M) for all large enough n. Assume that j3 > a and 
A C [0,1] such that f\A is fd-Holder continuous. Then dim^viA < 1 — a. Moreover, 

(4.1) A„(A,M) < 


Proof. Assume that A C [0,1] and a < 7 < /3 are fixed such that /Jh is /^-Holder 
continuous. Choose N G N"*" such that / G An{oc,M) for all n> N. Clearly it is 
enough to prove (4.1). By decomposing A into finitely many pieces of small enough 
diameters, we may assume that /jn is y-Holder continuous with Holder constant 
1, that is, for all x,y G A we have 

(4-2) \f{x)-f{y)\<\x-y\'^. 


For all n G N let 


dn = Nn{A, M). 

Let c = 7 /a > 1. Assume that s, t G N such that s < t < [csj and t>N. Now we 
will prove that 


(4.3) 
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Let US fix an arbitrary Ig^p G Vs(A,M) for some p. As \'Ds{A,M)\ = dg, in order 
to show (4.3) it is enough to prove that 

(4.4) |{/ e Vt{A,M) : I C Is,p}\ < 

Inequality (4.2) yields diam/(/s_p H A) < < M““*, therefore f(Is,p n A) C 

for some g G Z. As / € At{a, M), we have At^s,p,q+j{f) < 
for j G {0,1}, which yields (4.4). Hence (4.3) follows. 

Fix an integer mg > max{A^, c/(c — 1)} and let n be an arbitrary integer such 
that n > mg. For all i G N"*" let nii = min{n, [cTOi_iJ}. Let k be the minimal 
number such that ruk+i = n. Note that c£ > £ + 1 for every I > mg, thus such a k 
exists. Then the recursion and mg > cjic— 1) yield that 

fc-i 

n > mfc > c^mg — ^ c* = c^(mg — l/(c — 1)) > c^, 

i=0 

therefore k < log n/log c. Applying (4.3) repeatedly and using that ^ 
and mi+i < crui we obtain that 

fc+i 

dn < n 

i=l 

Hence (4.1) follows, and the proof is complete. □ 

4.2. Restrictions of finite /3-variation. The notation A„(a, M) and Nn{A,M) 
are given in Definition 4.2 and (3.1), respectively. 

Theorem 4.4. Let M >2 be an integer, a G [0,1] and /3 > 0. Let f: [0,1] —)■ M be 
a function such that f G A„(q;, M) for all large enough n. Assume that A C [0,1] 
is such that /|a has finite jd-variation. Then dim^A < max{l — a,aj3} =: 7. 
Moreover, 

(4.5) Af„ (A, M) < . 

Proof. If the theorem holds for /3 = (1 —a)/a, then it holds for every /3 < (1 —a)/a. 
Thus we may assume that /3 > (1 — afja, so 7 = max{l — a, a/3} = ajd. Suppose 
that A C [0,1] such that /|a has finite /3-variation. Choose N G N+ such that 
/ G A„(a, M) for all n > N. Clearly it is enough to prove (4.5). By decomposing 
A into finitely many pieces of small enough diameters, we may assume that the 
/3-variation oi f\A is at most 1, that is, 

(4.6) C^(/U) < 1. 

Let s,t G N such that s < t and t > N. Assume that I = Ip^s G 'Ds{A,M) and / 
contains r sub-intervals in VtiA, M). First we prove that 

(4.7) '4'’(/Un,) > - 1 ) 

Let {Qi,Q 2 , • ■ •, Qm} be the sub-intervals of L in I?t(A, M) such that for every 
1 < / < m there is an even qi G Z such that f{Qi C A) C Jt^q^ 0. We may assume 
that m > r/2, otherwise we switch to odd integers and repeat the same proof. 
For all i G {1, ■ • ■ ,m} choose an G Qi H A such that f{xi) G Jt^q,- We may 
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assume that Xi < Xj whenever i < j. Let ji = 1, and if G m} is defined 

then let = min{u > ji : 7 ^ qj/.} if the minimum exists. As f G At{a,M), 

for all i,j G {1,..., m} we have 


|{t : f{x^) G Jt,q^}\ < At,s,p,q^(.f) < Ait s)^ 

so if < m—t^MA-Ait-s) then is defined and j^+i < M^-Ait-s) ^ Thus 
the length of the defined sequence ji < • • • < jk satisfies k > r{ 2 t‘^M^^~Ait-^)^-'t^ 
By construction |/(a;jt+i) — f{xjt)\ > M““* for all £ < k, which implies (4.7). 

Index the elements 'Ds{A,M) = {h, ■ ■ ■, Ins{a,m)}, and assume that each A 
contains intervals of Vt{A,M), so ri = Nt{A,M). Inequality (4.7) 

yields that 


Therefore 

(4.8) 


N,{A,M) 

1>VPU\a)> Y. 

i=l 


> 


NsiA,M) 

£ ( 


2=1 

/ Nt{A,M) 

\2t‘^Mi'^-Ait-s) 


2t'^Mi^-Ait-s) 


- 1] 


- Ns{A,M)^ 


Nt{A,M) Ns{A,M) ^ 

{2tYMi'^~At ]\/[il-a)s — ^(l-a)s ■ 


Now assume that m,k & N’*' are fixed such that and m> N, we prove that 
(4.9) Nkm{A, M) < M‘^^'^^{2kmf’^ (l + kM^^-A^'^ . 


For all 0 < i < fc let 

^ N,^{A,M) 

* (2A:m)2*M(i-“)*™’ 

Applying Inequality (4.8) for t = im and s = (z — 1 )to, and using that t < km and 
2km > 1 imply that for every 1 < i < k we have 


ji^aPiva 

di dt-i < 


< MA~A'mjyj(aP-(l-a))im 


As a/S >1 — 0 , the above inequality implies that 


k 

(4.10) dk-do = Yid^ - dr-i) < kMA-A^MAP-A-A)krn_ 

i=l 


Then do = 1, aj3 >1 — a and (4.10) imply (4.9). 

Finally, let n be an arbitrary integer with n > N'^. Let m = l\/n log n] > N 
and k = \yjn/log n\, then km > n, so Nn{A,M) < Nkm{A, M). Applying (4.9) 
for k,m easily yields that 

Nn{A,M) < Nkra{A,M) < . 


As 7 = 0 / 3 , inequality (4.5) follows. The proof is complete. 


□ 
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Figure 3. For fc = 3 and m = 5 the illustration shows how the 
family {Fijllg maps [0,1]^ onto rectangles. 


5. Self-affine eunctions and the proof of Theorem 2.8 

The main goal of this section is to prove Theorems 2.8 and 2.9. First we define 
a family of self-affine functions fk,m, which will be used in Section 8 as well. 

Let k,m > 2 he fixed integers such that m is odd. For every i G {0,...,m — 1} 
and j G {0,..., /c — 1} define the one-to-one affine map F^k+j : —>■ as 

F^k+j{x,y) = ^ ^ mod 2)^ , 

see Figure 3. As the Fik+j are contractions, Hutchinson’s contraction mapping 
theorem [9, Page 713 (1)] implies that there is a unique, non-empty compact set 
AT C such that 

km— 1 

iL= U F,{K). 
i=0 

It is easy to see that if is a graph of a function fk,m' [0,1] —> [0,1], and fk,m 
can be approximated as follows. Let D = {(x,a;) : x G [0,1]} be the diagonal of 
[0,1]^ and define F: P(IR^) —)■ IR as 

km— 1 

r(A)= U F,{A). 
e=o 

If r* denotes the iterate F o • • • o F, then r*(ii) is the graph of a piecewise 
linear function which converges uniformly to fk,m as z —)■ oo. Clearly fk^m is 
a self-affine function with /fe,m(0) = 0 and fk,m{^) = 1, and the definition yields 
that fk,m is Holder continuous with exponent log k / \og{km) . Figure 4 shows the 
piecewise linear function /Ig, which approximates 
Define the set 

r log k } 

} log(fcm) J 
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Figure 4. The third level approximation of the self-affine function 

Then A is a countable dense subset of (0,1), since every rational p/q € (0,1) is in 
A by A: = 3P and m = 3'?“^. For all a € A fix k,m such that a = log k/ \og{km), 
and define /„ = fk,m € <^“[0,1]. 

Proof of Theorem 2.9. Fix a = log A/log(fcm) G A such that fa = fk,m- We use 
the scaled local times with M = km. By Theorems 4.3 and 4.4 it is enough to show 
that fa € An{c(, M) for all n > 2. Let us fix n > 2. Clearly M^~°‘ = m, and the 
construction of fa yields that for every £ < n, p < M^, and 0 < q < k^ we have 

\I e : 3 xel, fa{x) G {q + l)fc-")| = 

Similarly, 

\I G Inj.p : qk-^ G fa{I)\ < 2m"-^ = 

The above and M““ = Ijk yield that for all £,p,q we have 

Thus fa G An{oi,M), and the proof is complete. □ 

Remark 5.1. Note that the bound we get for An,e,p,qifa) does not use the 
factor. It is possible to go through the proof Theorem 4.3 with such a stronger 
assumption, which would slightly improve the bounds on Nn{A, M) with O(logn) 
in place of 0(log^ n) error term. 

Proof of Theorem 2.8. Let 0 < a < 1. By Theorems 2.2, 2.3 and 2.11 it is enough 
to prove that 

H{a,P) < 1 — /3 for every a < /? < 1; 

y (ct, /3) < max |a/3, ^ ^ | for all ^ > 0. 

For the first inequality let 7 G An (q;,/ 3) be arbitrary, then f^ G 1]. 

Suppose that fj is /3-H61der continuous on some set A C [0,1]. Theorem 2.9 (1) 
yields that dim^Gl <1 — 7, thus H{a,j3) <1 — 7. Since A is dense in (a,/?), we 
obtain that < 1 — (3. 
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For the second inequality define S = max{Q;, l/(/3 + 1)} and let 7 € A n {6, 1) be 
arbitrary. Then G C“[0,1]. Assume that fj has finite /3-variation on some A. 
Theorem 2.9 (2) and 7 > <5 imply that dim^A < max{l— 7 , 7 / 3 } = j/S, so V(a, j3) < 
7 / 3 . As A is dense in {5, 1), we have V{a,(3) < 5j3 = max{a/3,/3/(/3 -I- 1)}. □ 

6 . Restrictions of fractional Brownian motion 

Let 0 < a < 1 be fixed and let B : [0,1] —)■ M be a fractional Brownian motion of 
Hurst index a. We think of i3 as a random function from [0,1] to K. 

The main goal of this section is to prove Theorem 2.10. By Theorems 4.3 and 
4.4 it is enough to prove the following proposition. For the notation A„(q;, 2) see 
Definition 4.2. 

Proposition 6.1. Let 0 < a < 1 and let i3: [0,1] —>■ K 6 e o fractional Brownian 
motion of Hurst index a. Then, almost surely, B G Ania, 2) for all n large enough. 

First we define a discrete (truncated) scaled local time. 

Definition 6.2. For all n € N let 

= {/ 2 -” : 0 < / < 2 ” - 1 }. 

For all 0 < TO < n let 

^n,m,p — ^m,p F ^n- 

Clearly, = 2"“™. For a function /: [0,1] —)■ K the discrete scaled local time 

Sn,m,p,qif) is the number of points in Cn,m,p which are mapped to Jn,q by /: 

^rL,m,p,q(.f ) ^ ^n,m,p • f ^ *^71,g}! • 

For every n G N"*" define 

‘5„(a) = {/ : S„^m,p,q(f) < (nlogn)2(^"“)(”""") Vm < n, p < 2”, Ig] < n2“”}. 

First we need to prove some lemmas. To avoid technical difficulties we assume 
that the domain of B is extended to [0, oo) when necessary. 

Definition 6.3. Let P) be the probability space on which our fractional 

Brownian motion is defined, and let = a(B(s) : 0 < s < f) be the natural 
filtration. If r: D —>■ [0,oo] is a stopping time then define the a-algebra 

Hr = {A G A ■. {t < t} G At iov all t > 0}. 

For all stopping times t and integers 0 < m < n and q let 

xn,m,q = G {1,..., 2”-™} : B{t + ^2"") G J„, J|. 

Lemma 6.4. There is a finite constant c = c{a) depending only on a such that 
for every bounded stopping time t and integers 0 < m < n and q we have, almost 
surely, 

Proof. Pitt [19, Lemma 7.1] showed that the property of strong local nondetermin¬ 
ism holds for fractional Brownian motion, that is, there is a constant ci = ci(a) > 0 
such that for all t > 0 , almost surely, 

(6.1) Var(i3(r-f t) I J^i-) > 
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Let US fix t > 0. As B is Gaussian, almost surely the conditional distribution 
B{t + t)\ Tr is normal, and (6.1) implies that its density function is bounded by 
l/(ycit“). Therefore, almost surely, 

r(9+l)2““" 1 

(6.2) P(B(T + t) G J„,,| J-,) < / —-da; = C2(t2")-“, 

where C 2 = l/y^. Applying (6.2) for Hnitely many t implies that 


2 n-m 

E(^„,r„.9 I ^ ^ ^ ^2-”) G Jn,g I Br) 


where c = 02/(1 


2-n-m 

< ^ C2k~°' < 02 

k^l 

a). The proof is complete. 



-“dx = 


Lemma 6.5. There is a finite constant C = C{a) depending only on a such 
for all m, n,p, q and I G N'*' we have 

nSn,m,pAB) > £C2(i-“)("-™)) < 2-^. 


□ 

that 


Proof. Let c be the constant in Lemma 6.4, clearly we may assume that c > 1. We 
will show that C = 3c satisHes the lemma. We dehne stopping times tq, ..., t^. Let 
To = 0. If Tfc is defined for some Q <k < I then let Tk+i be the Hrst time such that 
the contribution of B to Sn,m,p,q{B) on (rfc, Tfc+i] n is at least 

if such a time exists, otherwise let Tk+i = 1. Then c > 1 and the dehnition of 
stopping times yield that 

nSn,m,p,q{B) > < nSn,m.pAB) > f(2c2(i-“)(”-™) + 1)) 


i 

< P(r^ < 1) = n 11 < 1)- 

k^l 

Note that we may assume that P(t^ < 1) > 0 and hence the above conditional 
probabilities are defined, otherwise we are done immediately. Therefore it is enough 
to prove that P(rfe < 11 < 1) < 1/2 for all 1 < A: < £. The definition of A”’™’®, 

Lemma 6.4, and the conditional Markov’s inequality imply that, almost surely, 

P(rfc < 11 J-,,.,) < > 2c2(i-“)(”-'") I < 1/2. 

Therefore the tower property of conditional expectation yields that 

P(rfc < 11 Tfc-i < 1) < 1/2, 

which completes the proof. □ 


The following lemma is a discrete version of Proposition 6.1. 

Lemma 6.6. Almost surely, B G 5„(a) for all large enough n. 

Proof. We give an upper bound for P(i3 ^ 5„(q;)) by applying Lemma 6.5 with 
£ = [(n/C) lognj to each of the relevant m,p, q. Since 0<m<n, 0<p<2™ — 1 
and l^l < n 2 “”, there are at most (n + l) 2 ”( 2 n 2 “” + l) possibilities to choose m,p, q. 
Therefore Lemma 6.5 implies that 

F{B i Sn{a)) < (n + l)2"(2n2“” + i) 2 -L("/C) lognj ^ 2-("/C’)'°g"+0("). 
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Therefore ^ ‘5 „(q;)) < oo, so the Borel-Cantelli lemma implies that 


P € liminf5„(a)^ 


= 1 . 


□ 


The following lemma is well known, see the more general [14, Corollary 7.2.3]. 
Lemma 6.7. Almost surely, we have 


lim sup sup 


\B{t + h) - B{t)\ 
log(l//i) 


< 1 . 


Now we are ready to prove Proposition 6.1. 


Proof of Proposition 6.1. By Lemmas 6.6 and 6.7 we can choose a random N € N"*" 
such that, almost surely, for every n > N we have the following properties: 

(i) maxtgfop] \B{t)\ < N - 1; 

(ii) B e Sn(a)-, 

(iii) diamB(/„_p) < 2-yn2““” for all 0 < p < 2" — 1; 

(iv) (4-y/n + 3)(nlogn) < n^. 

Fix a path of B for which the above properties hold. Let us fix an arbitrary n> N, 
it is enough to prove that B G .4„(a, 2). Let 0<m<n, 0<p<2'" — 1 and q gZ 
be given, we need to show that 

(6.3) 

Property (i) yields that if g' G Z with \q'\ > n2“” then Sn,m,p,q'{B) = 0. Therefore 
(ii) implies that for all g' G Z we have 

(6.4) Sn,m,p,q'{B) < (nlogn)2(i-“)("-™). 

Let In,p' be a time interval of order n such that In,p' C Im,p and B{In,p')CiJn,q 7^ 0) 
then (iii) yields that 

(6.5) y Jn,q'- 

—9|<2C"+1 

Finally, (6.5), (6.4) and (iv) imply that 

An,m,p,qi.B^ ^ ^ ( Sn^ra^p^q/{^B') 

q' '-W — q\<2^+l 

< (4v^ + 3)(nlogn)2(i-“)(”-™) 

Hence (6.3) holds, and the proof of Proposition 6.1 is complete. □ 


6.1. Dimension of the record times. We include here a proof of Proposition 1.5, 
which we could not find in the literature. Recall that {B{t) : < G [0,1]} is a fractional 
Brownian motion of Hurst index a. The lower bound is quite elementary, while the 
upper bound relies on a first moment computation and on a result of Molchan. He 
studied the distribution of the maximal value of fractional Brownian motion on [0, t] 
and of the time ri„ax(t) when it is achieved. Specifically, Molchan [17, Theorem 2] 
proved the following. 

Theorem 6.8. P(Tmax(l) < x) = x ^ 0. 
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Proof of Proposition 1.5. With probability one B is y-Holder continuous for every 
7 < a and maps TZ to the non-degenerate interval I = [0,max{i3(t) : t G [0,1]}], 
thus dim>i TZ > a dim>^ I = a. 

Therefore it is enough to prove that dim^vi?^ < a almost surely. Using that 
Tmax(i) and tri„ax(l) have the same distribution and {B{1 — t) — B{1) : t e [0,1]} 
is also a fractional Brownian motion, for all 0 < e < t < 1 we obtain 

P(7^ n [t - C, t] 7 ^ 0) = P(rmax(<) >t-e)= P(rmax(l) > 1 “ £ /1) 

= P(Tmax(l) < s/t) = (c/t) 

with the o(l) term tending to 0 as eft ^ 0. 

Let N{m) be the number of intervals [{i — l)/m,i/m] which intersect TZ. Let 
(5 > 0 be arbitrary and fix s e N''" such that P(7^ n[t — e,t] 0) < {£/t)^~°‘~^ 
whenever e/t < 1/s. Using this above for i > s and the trivial bound 1 for i < s, 
for every large enough m we obtain 

m 

EN{m) <s+ < s -f < 2C'm“+^ 

i=s-|-l 

where U is a finite constant depending only on a -|- <5. By Markov’s inequality 

P(iV(m) > < 2Cm-^ 

for any m large enough. Applying this for to = 2” yields that 

OO 

^P(Af(2") > 2”(“+2<5)) < OO. 

n—1 

Thus the Borel-Cantelli lemma implies that, almost surely, N(2'^) < 2"(“+2<5) for all 
large enough n. Therefore dim^viT^ < a-\-25. As 5 > 0 was arbitrary, dimy^T^ < a 
almost surely. □ 


7. Higher dimensional Brownian motion 

The aim of this section is to prove Theorem 1.7. The idea is to find (in a greedy 
manner) large sets along which a simple random walk in is monotone. Since 
the scaled simple random walk converges to Brownian motion, this gives sets along 
which B is monotone. To control the dimension of the limit sets we estimate the 
energy of the discrete sets and apply a version of Frostman’s lemma to bound the 
dimension. 

Given a simple random walk S': N —>■ Z^, define the greedy increasing subset by 

oo = 0 and Oi+i = minja > ai : S{a) — S{ai) G 

Our first task is to prove tightness for the number and structure of record times in 
[0,n). Since our argument may apply in similar situations, we state some of our 
arguments in the more general context of sums of i.i.d. variables with power law 
tails. 

Before focusing on the case of random walks, we prove Theorem 7.6, a limit 
theorem, which will allow us to transfer estimates from the random walk setting to 
Brownian motion. As Theorem 7.6 below is a quite general result about random 
sequences with i.i.d. increments, we hope that it will find further applications. 
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7.1. Energy of renewal processes. Fix 0 < a < 1. Let r G N"*" be some random 
variable, and assume that there are Ci, C 2 € K“'' such that for all n G N+ we have 

(7.1) cin~°‘ < P(r > n) < C 2 n““. 

Let be an i.i.d. sequence with the law of r. Define 

k 

Tk = '^Ti and T = {Tk : k>l}. 

i=l 

The number of steps before reaching n is denoted by = |Tn [0,n)|. 

The following lemma is fairly standard. 

Lemma 7.1. There are constants 03,04 such that for all t,n > 0 we have 

(i) P(m„ < tn“) < cst. 

(ii) P(m„ > tn“) < . 

(iii) Em„ < 0411 “, and more generally, for all integers i < j < k we have 

E{\Tn[j,k)\\ieT) <c4ik-jr. 

Proof. Claim (i) is given by [2, Lemma 4.2]. Inequality (7.1) and (1 — u) < e““ 
imply that 

P(to„ > tn°‘) < P(Ti < n for all i < [tu"]) < (P(r < n))*” 

< (l-Oin-“)‘”“ 

so (ii) holds. The first bound of (iii) follow easily from (ii). The general bound 
holds since the first £ with G [j, k) (if there is such £) is a stopping time. Applying 
(ii) to the sequence starting at time £ completes the proof. □ 


Definition 7.2. Let /i be a non-atomic mass distribution on a metric space {E,p), 
(that is, a Borel measure on E with 0 < p(E) < 00 ). For 7 > 0, define the ^-energy 
of T by 


£^{E,p) 



d/x(x) dp{y) 

p{x,yV 


For the following theorem see [18, Theorem 4.27]. 


Theorem 7.3. Let p be a non-atomic mass distribution on a metric space E with 
£j{E,p) < 00 . Then dim^^ if > 7 . 

Consider the set S'„ = (T + [0,1)) C [0,n), endowed with Lebesgue measure A. 
We next estimate the 7 -energy of A. 

Lemma 7.4. Let 0 < 7 < a. There is a finite constant 0 ( 7 ), such that for all n 
we have 

E£:-,(5„,A)<c(7)n2“->'. 

Proof. The argument is to consider the contribution to the energy from pairs x, y 
with distance at various scales, and the largest scale will dominate the rest. 

Up to a factor of 2 we may restrict the integral to x < y. We split the integral 
on Sn X S„ into several parts. Note that S'„ is a disjoint union of unit intervals. 
Let Pq be the contribution to £-^{Sn, A) from pairs a; G [i, z -I- 1) and y G [j,j 1) 
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where i,jGT and 0 < j — i < 1. The number of such pairs {i,j} is at most m„, 
so Lemma 7.1 (iii) yields that 


ETb < (Em„ 


\x — y\ dy dx = 0^{n°‘). 


For A: > 1 let Pk be the contribution to £.y(S'„, A) from pairs x G [i,i + \) and 
y € [j, j + 1) where i,j G T and i + < J < i + 2^. Let Mk denote the number of 

such pairs {i,j}- For such {i,j} the contribution from x G + and y G [j, j + 1) 
to Pk is at most 

fi+l fj + 1 


/ i+i p + i 

J \x — y\~^dy dx < , 


where we used y — x > 2^“^. Thus Pk < Mk- Lemma 7.1 (iii) yields that 

for every i, conditioned oni gT, the expected number of j in Tn (7 + 2 ^“^, 7 + 2 ^^] is 
at most 042 ^^“^^“. Lemma 7.1 (iii) also implies that the expected number of z < n 
in T equals Em„ < C 4 n“. Therefore EM^ < C 4 n“ 2 (^“^^“ and we obtain that 


EPk < 


This partition gives the identity £..,(S'„,A) = As Pk = 0 whenever 

2^“^ > n, we have E£.y(S'„, A) = 2 J22>‘<2n EPk- With the bounds above, the largest 
k dominates the sum and we arrive at the inequality E£.y(S'„,A) < 0 ( 7 ) 71 ^““'*'. □ 


We will wish to work with rescaled sets. For all n G N’*' let 


1 


n 


1 


D„=[-T]n [0,1) and Cn = Sn = + [0,1/n). 


n 

1 —a 


Define the measure that is, “ times the Lebesgue measure 

restricted to 


Lemma 7.5. Let 0 < 7 < a and £ > 0. Then there exist N,N,y G N’*' depending 
on e so that with probability at least 1 — e we have 


N ^ < Mn([ 0 . 1 ]) <and £^{Cn, fin) < 

Proof. Let I = [0,1] and let N G N+ be arbitrary. For all n G N+ the following 
three inequalities hold. Markov’s inequality and E^„(J) = 1 yield that 


p(m„(/) >N)< 


Efinjl) 

N 


1 

N’ 


Lemma 7.1 (iii) and (i) yield that 


P(/z„(/) < ^) = P(m„ < N ^Eto„) < P(to„ < N ^C4n“) < 

Lemma 7.4 yields that ES.y{Cn, y-n) < c( 7 ). Indeed, S^{Cn,X) = X) 

and since pn = n^~°‘X on Cn, changing to /z„ gives a further factor of Now 

Markov’s inequality implies that 

E{£^{Cn,yn)> 

The above three inequalities with large enough N, Nj complete the proof. □ 
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7.2. A limit theorem. Theorem 7.6 is concerned with a sequence of sequences 

of i.i.d. variables satisfying (7.1). That is, for each Hxed n the variables 

are i.i.d., but there could be arbitrary dependencies between variables 
with different numbers n. The superscript n is also the parameter used for scaling 
sums of the nth sequence. Thus we denote 

k 

^ rf”’ and : fc > 1 }. 

For all n € define 

Dn = n [ 0 , 1 ) and + [ 0 , 1 /n). 

Theorem 7.6. With the notations above, almost surely, {Dn}n>i has an accumu¬ 
lation point D in the Hausdorff metric such that dim^ D > a. 

Proof. Let be n^““ times the Lebesgue measure on Cn- Fix e > 0. For some 
finite constants {A.y}o< 7 <q for all n define the event 

Bn = 1 ]) ^ ^0 and £y{Cn, pin) < -^7 for all 0 < 7 < a}. 

Since the map 7 1 —> £.y{Cn, tin) is non-decreasing, applying Lemma 7.5 for a sequence 
of parameters oc with Sk = 2~^e implies that there are constants such 

that V{Bn) > 1 — £ for all n. Let B = limsup„ Bn, then P(,B) > 1 — £. Since e > 0 
was arbitrary, it is enough to prove that the theorem is satisfied whenever B holds. 

Assume that B holds, then there is a random subsequence {ni}i>i such that the 
events Bn, hold for all i G N"*". Since < timiiO, 1]) < Aq for all i, by passing to 
a subsequence we may assume that /i„. —)■ p weakly, where p. is a measure on [ 0 , 1 ] 
satisfying Nq^ < ^([0,1]) < Aq. Similarly, we may assume that i7„. — )■ A in the 
Hausdorff metric for some compact set D C [0,1]. As C„ = Dn + [0,1/n] is close 
in the Hausdorff metric to Zl„, we get supp(^) C D. For all 0 < 7 < a we obtain 

£j{D,p) < liminf (/i„J < < 00 , 

I 

for the first inequality see e.g. [15, Lemma 2.2]. Theorem 7.3 now implies that 
dim^ D > a, and the proof is complete. □ 

7.3. Application to random walks. We now apply Theorem 7.6 to random walks 
on and thus prove Theorem 1.7. 

For each n, let be a simple random walk on Z^, and define the rescaled 
random walks by Wn{t) = •\/ 2 n“^/^S'fo^([ntJ). It is well known that it is possible 
to construct the walks 5'^^ and two-dimensional Brownian motion {B{t) : t G [0,1]} 
on the same probability space so that Wn converges uniformly to B on the interval 
[0,1], see e.g. [13, Theorem 3.5.1] or [18]. We henceforth assume such a coupling. 
Recall that for each walk we construct the greedy increasing subset by 

a[,"^ = 0 and = min{a > - S^'^\a!f'^) G Z^}. 

For every n, this sequence has i.i.d. increments with the law of 

T = inf{A: > 0 : S{k) G Z^}. 

We use the notation a„ ~ if a„/ 6 „ —>■ 1 as n —>■ 00 . We need the following known 
estimate. 
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Theorem 7.7. Let S': N —>■ be a two-dimensional simple random walk. Let t he 
the hitting time of the positive quadrant: r = inf{A: > 0 : S{k) G Then there 

is a c G M"*" so that 

P(t > n) ~ 

For the above theorem see the general result of Denisov and Wachtel [5, The¬ 
orem 1], or a bit weaker one due to Varopoulos [21, (0.3.3) and (0.4.1)]. On exit 
times of planar Brownian motion from cones see Evans [7, Corollary 5(i)] or the 
somewhat weaker [18, Lemma 10.40]. In the Brownian case the exponent 1/3 can 
be calculated by mapping the complement of onto a half plane by the conformal 
map z I—>■ and using the conformal invariance of planar Brownian motion. The 

continuous case can be transformed to the discrete one by coupling. For the history 
of similar estimates and for further references see Denisov and Wachtel [5]. 

Proof of Theorem 1.7. Recall that are two-dimensional simple random walks 
so that the rescaled walks Wn converge uniformly to a Brownian motion B. Let r be 
the hitting time of the positive quadrant by S, that is, r = infjfc > 0 : S{k) G Z^}. 
For every n G the greedy increasing subsequence of has i.i.d. increments, 
distributed as r. By Theorem 7.7 we have 

P(r > n) ~ 

with some c G M'*'. Thus we can apply Theorem 7.6 with a = 1/3. This yields 
that, almost surely, there is an accumulation point D of {D„}„>i in the Hausdorff 
metric such that dim^^ D > 1/3. As Wn -G B uniformly, B is non-decreasing on D. 
This completes the proof. □ 

Remark 7.8. For a higher dimensional simple random walk S': N —>■ Z'^ define the 
hitting time 

T = inf{A: > 0 : S{k) G Z^}. 

Then P(t > n) ~ cn~°' for some c,a G (0, oo), see [5, Theorem 1]. Our argument 
proves an analogue of Theorem 1.7 in higher dimensions with this a instead of 1/3. 

8. Restrictions of generic o-Holder continuous functions 

The goal of this section is to prove Theorem 2.13. First we need some prepara¬ 
tion. The following lemma is probably well known. However, we could not find an 
explicit reference for its second claim, so we outline the proof. 

Lemma 8.1. Let 0 < a < 1 and c > 0. Assume that A C M and f : A —>■ 'R is a 
function such that for all x,y G A we have 

(8-1) |/(a;)-/(j/)| < c|a;- 2 /|“. 

Then f extends to F: M —)■ M satisfying the above inequality for all x,y gR. If A 
is closed then F can he chosen to be linear on the components ofR\A. 

Proof. As / admits a unique continuous extension to the closure of A which clearly 
satisfies (8.1), we may assume that A is closed. Let I be any component of K \ A, 
it is enough to prove that / extends to A U / such that (8.1) holds. If / = (—oo, a) 
or / = (a, oo) for some a G A then F\i = f{a) works. Now let / = (a, &) for 
some a,b G A and let F be the linear extension of / to I. The concavity of the 
function x >->■ implies that \F{x) — F{y)\ < c\x — y|“ for all x,y G A U /, the 
straightforward calculation is left to the reader. □ 
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Let II • II denote the maximum norm of (^[0,1]. 

Lemma 8.2. Let f € CflO, 1] and e > 0 be arbitrary. Then there is a piecewise 
linear function g with nonzero slopes and c < 1 such that ||5 — /|| < £ and for all 
x,y G [ 0 , 1 ] we have 

\9{x)-9{y)\ < c|a:-y|“. 

Proof. Let 0 = xq < xi < • • • < = 1 such that the oscillation of / on [xi_i,Xi] 

is at most e/3 for all i G {1,... Let go be the piecewise linear function passing 
through the points {xi,f{xi)), then clearly H^o — /II < e/3- Applying Lemma 8.1 
f-times we obtain that go G CflO,!]. We can choose Cq < 1 such that gi = Cogo 
satisfies \\gi — (/oil < e/3. Hence for all x,i/ G [0,1] we have 

\9i{x) - gi{y)\ < co|x- 2 /|“. 

Let c G (co, 1), then it is easy to see that every horizontal line segment of the graph 
of gi (if there are any) can be replaced by two line segments of nonzero slopes such 
that the resulting function g satisfies 11<7 — 11 < e/3 and for all x, y G [0,1] we have 

\ 9 {x)- g{y)\ < c|x-y|“. 

Clearly ||(/ — /|| < e, and the proof is complete. □ 

Now we are ready to prove the first part of Theorem 2.13. The concept of the 
proof is similar to that of [ 6 , Theorem 1.4], but the technical details are much more 
difficult and in order to create appropriate Holder continuous functions some new 
ideas are needed as well. 

Proof of Theorem 2.13 (1). Let /? G {a, 1) be arbitrarily fixed, and define 

Pp = {fG Cf [0,1] : dim„{/ = g} < 1 - /3 for all 5 G Cf [0,1]}, 

where we use the notation {/ = 5 } = {x G [0,1] : /(x) = g{x)}. First we show that 
it is enough to prove that P/s is co-meager in Cf [0,1]. Indeed, since co-meager sets 
are closed under countable intersection, this implies that for a countable dense set 
r C {a, 1) the set P := co-meager in CflO, 1]. Now assume that f & P 

and A C [0,1] such that /|a is /^-Holder for some f) > a, we need to prove that 
dim^ A < 1 — /?. Choose a sequence 7 „ G F such that 7 n ^ /3 and fix an n G N"*". 
As f\A is /3-H61der, there is an e > 0 such that for all if C Gl with diamif < e 
the function /|_e is 7„-H61der with Holder constant 1. Let A = IJ^Li such that 
diamHi < e for all i G {1,..., fc}. Then /|^^ are 7„-H61der with Holder constant 
1, so by Lemma 8.1 there are functions gi G C'7"[0,1] such that Ai C {f = gt} for 
all i. Therefore / G P.y^ implies that dim^ Ai < dim^{/ = gi} < 1 — 7 „ for all i, 
thus the countable stability of Hausdorff dimension yields dim^^ A < 1 — 7 „. This 
holds for all n G N’*', so dim^^ A < 1 — (3. 

Now let /3 G (a, 1) be fixed, and for all N,M G N’*' define 

PiN,M) = {/ G CnO, 1] : = g}) < 1/M for all g G Cf [0,1]} . 

Clearly Pp = 0^=1 V\m=i -^)) thus it is enough to show that each P{N, M) 
contains a dense open subset of CflO, 1]. Assume that M,N G N"*", Xq > 0, Cq < 1, 
and a piecewise linear function fo G CflO,!] with nonzero slopes are given such 
that for all x,y G [0,1] we have 

\fo{x) - fo{y)\ <co|x-y|“. 
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By Lemma 8.2 it is enough to find a function / G Cf [0,1] and r > 0 such that 
(8.2) Bif,r)cBifo,ro)nT{N,M), 

where B{f,r) denotes the closed ball in Cf [0,1] centered at / with radius r. Now 
we define /. We can fix integers ko, mo > 2 such that mo is odd and 

fa 1 1 ^ log(A:o/2) ^ logfco ^ ^ 

I N j \og{komo) log(fcomo) 

Let 7 = logfco/log(fcowo) and let /i = fko,mo € C^[0,1] be the self-affine function 
defined in Section 5. We will approximate /o by re-scaled copies of /i. As /i is 
7-H61der continuous, there exists Ci € such that for all x,y £ [0,1] we have 

(8-3) \fiix) - fi{y)\ < ci\x - yp. 

Assume that 0 = Xi < ■ ■ ■ < Xi+i = 1 such that /o is linear on each interval 
[xi, Xi+i] with nonzero slopes. Let yi = fo{xi) for all 1 < i < £-1-1, then Vi+i-Vi 7^ 0 
for all i < £. Let us define 0, ^ > 0 and no € N+ such that 

9 = min {xi+i - x*), 

i<i<i 


^ = maxjj/i+i - j/il, 


For all i £ {!,...,£} and j £ {0,... ,no} let 


l/(l-7) 


Xij = Xi + — {xi+1 - Xi) and y^j = fo{xij). 

no 

Now we are ready to define /. If for some i £ {1, ...,£}, j € {0,..., no — 1}, and 
a £ [0,1) we have 

(8.4) X = Xi j -I-(xi+i — Xi), then let 

no 

f(x) = Vi,] + - {y^+i - Vi)- 

no 

Note that the linearity of fo implies that if x satisfies (8.4), then 


fo{x) = -f —iy^+l - y^). 
no 


Now we prove that 


(8.5) /eC“[0,l] and f £ B{fo,ro/2). 

As the range of fo is [0,1], the definition of / and no imply that for all x £ [0,1] 
we have 

(8-6) |/(a:) -/o(a;)| < — < 

no 2 

thus it is enough to prove for (8.5) that / € Cf [0,1]. Assume that x,y £ [0,1] and 
X < y, we need to prove that \f{x) — f{y)\ <\x — y|“. We consider three cases. 
First case: Suppose that y — x> d/no- Then (8.6), fo £ Cf [0,1] and the definition 
of no imply that 

\fix) - fiy)\ < \foix) - fo{y)\ + — < co|x - 2 / 1 “ -f — < |x - y\°. 

no no 
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Second case: Assume that x,y are adjacent points, that is, x,y G [xij,Xij+i] for 
some I < i < £ and 0 < j < tiq — 1. Then the definitions of / and inequality 
(8.3), the definition of no, and a < 7 yield that 


\f{x) - f{y)\ 


\y^+l - y^\ 

no 


h 


f X - Xi j 

no - — 


h 



y-Xjj \ 
^i +1 / 


no V ^ / 


yp < \x 


yP- 


Third case: Suppose that there exists z € (x, y) such that x, z and z, y are adjacent 
points. The triangle inequality, the above inequality, the definition of no, and a < 7 
imply that 


\f{x) - fiy)\ < \f{x) - f{z)\ + \f{z) - f{y)\ 

^ ^ ^^ no|x-z| y ^ ^ no|z-y| y^ 

By the definition of 9 for all x, y at least one of the above three cases holds, which 
concludes the proof of (8.5). 

Finally, we prove that (8.2) holds for some r > 0. Let us define d > 0 as 


<5= min ly*+i -y^- 

1 < 2 <£ 


Since 7 < /3, we have ko < {komoY■ Thus by /3 < 1 we can fix an m € N+ such 
that for all i G and n > ni we have 


(8.7) 


KikomoY 


< 


iS 


3nok, 


o^-o 

Since log(fco/2)/log(A:oWo) > fi — £/N, we can define 

2 mo 


cr = 


{komoY-P+^/^ 


< 1 . 


Let us fix an integer n 2 > ni such that 


( 8 . 8 ) 

Let us define r > 0 as 


< 


k^Mino 


ro 


2 ’ Snofco" 

Then clearly B{f,r) C B{fo,ro)- Let us fix g e B{f,r), it is enough to show 
that g G B{N, M). Fix i G {!,...,£} and j G {0,..., no — 1} arbitrarily, and let 
Iq = [xi,j,Xij+i]. Let h G Cfp, 1], by the subadditivity of TTY, if is enough to 
show that 

(8,9) 


Assume that n € N and / C /o is a closed interval. We divide I into {konioY 
non-overlapping closed intervals of equal length, the resulting intervals are called 
the elementary intervals of I of level n. Assume that ni < n < n 2 and let Ii be 
an elementary interval of Iq of level n — 1. Now we show that {g = hj intersects 
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at most 2 too many first level elementary intervals of Ii. Let us decompose Ii into 
mo non-overlapping intervals of equal length, let I 2 be one of them. Let Ji, J 2 C I 2 
be two nonconsecutive first level elementary intervals of /i, it is enough to show 
that {g = K] cannot intersect both Ji and J 2 - Assume to the contrary that there 
are Zi G Ji and Z 2 G J 2 such that g{zi) = h{zi) and g{z 2 ) = h{z 2 )- If there are 
i G {1,..., fco ~ 2} first level elementary intervals of Ii between Ji and J 2 , then 


\zi — Z 2 \ < (* + 2) diam Ji < (i -|- 2){komo) 

Therefore h G Cf [0,1] yields that 

I '**"'* - '’'"^>1 ^ 

On the other hand side, the definition of g, f and r imply that 
\gizi) - g{z 2 )\ > 1 /( 21 ) - /( 22 )| - 2 r > ^ - 2r > 

nofco 3nofco 

The above inequalities and (8.7) yield that \h{zi) — h{z 2 )\ < \g{zi) — < 7 ( 22 ) 1 , which 
is a contradiction. 

Therefore {<7 = h}nlo intersects at most (fcoWo)"^ (2mo)"^“"^ many elementary 
intervals of Iq of level n 2 - Since the length of these intervals is less than (/cowo)”"^, 
the definition of cr and inequality (8.8) yield that 

= Ii} n /o) < (fcomo)"H2mo)”^-”H^omo)-”^(i-^+^/'^) 

1 


< fcn V”" < 

M£no 

Hence (8.9) holds, and the proof is complete. 


□ 


In order to prove the second part of Theorem 2.13 we need a bridge between 
the notions of a-Hdlder continuity and /3-variation. The following lemma is [4, 
Lemma 4.1], see also [3, Lemma 4.1]. 

Lemma 8.3. Let /3,7 > 0 and let A C [0,1]. If the function / : A —)• K has finite 
j3-variation, then there are sets An C A such that 

(1) /|a„ is ^-Holder continuous for all n G N'*', 

(2) dim^ {A \ A„) < 7/3. 

Proof of Theorem 2.13 (2). Clearly it is enough to prove the theorem for a count¬ 
able dense set of parameters /3. Since co-meager sets are closed under countable 
intersection, it is enough to show the statement for an arbitrary fixed /3 > 0. For 
all / G Cf [0,1] let Af C [0,1] be given such that H^(/|h/) < 00 . Fix an arbitrary 
5 > max{Q;/3,/3/(/3 -I- 1)} and let 7 = 6/13 > max {a, 1/1/3 + I)}. It is enough to 
prove that dim^ Af < 6 ioi a generic / G Cf [0,1]. Applying Lemma 8.3 we obtain 
that for all / G Cf [0,1] there are sets C A/ such that 

(1) /U/,„ is 7-H61der continuous for all n G N+, 

(2) dim^ {Af \ ^/.n) <1/3 = 5. 

As 7 > a and /|h/ „ are 7 -Hdlder continuous. Theorem 2.13 (1) and the definition 
of 7 imply that for a generic / G Cf [0,1] for all n G N'*' we have 


13 + 1 13 + 1 


( 8 . 10 ) 


dim^ A/_„ < 1 - 7 < 1 
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Inequalities (2), (8.10), and the countable stability of Hausdorff dimension yield 
that dim^ Aj < 6 for a generic / G Cf [0,1]. The proof is complete. □ 
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